The random-cluster model with parameters (p, q) is a random graph model that generalizes bond percolation (q = 1) and the Ising and Potts models (q ≥ 2). We study its Glauber dynamics on n × n boxes Λ n of the integer lattice graph Z 2 , where the model exhibits a sharp phase transition at p = p c (q). Unlike traditional spin systems like the Ising and Potts models, the random-cluster model has non-local interactions. Long-range interactions can be imposed as external connections in the boundary of Λ n , known as boundary conditions. Blanca and Sinclair proved that when q > 1 and p = p c (q), the Glauber dynamics on Λ n mixes in optimal O(n 2 log n) time, for select boundary conditions that do not carry long-range information (namely, wired and free). In this paper, we prove that whenever q > 1 and p = p c (q), for any boundary condition that is realizable as a configuration on Z 2 \ Λ n , the mixing time is at most polynomial in n. We then utilize this to prove near-optimalÕ(n 2 ) mixing time for "typical" boundary conditions. As a complementary result, we construct classes of non-realizable (non-planar) boundary conditions inducing slow (stretched-exponential) mixing at p ≪ p c (q).
Introduction
The random-cluster model [13] is a well-studied generalization of independent bond percolation, with connections to the study of electrical networks and random spanning trees [20] . Perhaps most importantly, the random-cluster model is closely related to the ferromagnetic Ising/Potts model, which is the classical model for spin systems in statistical physics. In fact, the random-cluster model is often referred to as the FK-representation of this model and is a key tool in the analysis of its phase transition; see, e.g., the recent breakthroughs on the infinite 2-dimensional integer lattice graph Z 2 [2, 10, 11] . It also plays an indispensable role in the design of efficient Markov Chain Monte Carlo (MCMC) algorithms, like the Swendsen-Wang algorithm [33] , for studying the Ising/Potts model.
For a graph G = (V, E) and parameters p ∈ (0, 1) and q > 0, random-cluster configurations are subsets of edges in Ω = {S ⊆ E}, with the probability of S ⊂ E given by
where c(S) is the number of connected components (including isolated vertices) in the subgraph (V, S), and the partition function Z = Z p,q is the normalizing constant that makes π G,p,q a probability measure. In addition to being interesting in its own right as a random graph and dependent percolation model, the random-cluster model provides a unifying framework for the study of several important probabilistic models. For example, for integer q ≥ 2 the random-cluster model is dual, in a precise sense, to the q-state Ising/Potts model, where configurations are assignments of spin values {1, . . . , q} to the vertices of G.
Each configuration σ ∈ [q] V has probability µ G (σ) ∝ exp(βH(σ)), where H(σ) is the number of edges connecting vertices with the same spin values, and β > 0 is a model parameter associated with the inverse temperature of the system. When β = − ln(1 − p) > 0, it is straightforward to check via a probabilistic coupling [12] that correlations in the Ising/Potts model correspond to connectivities in the random-cluster setting; this fact has illuminated much of the study of these models and has made the random-cluster model an accepted generalization of the Ising/Potts model to non-integer values of q.
The random-cluster model, however, is not a spin system in the usual sense, as the weight of a configuration S is not a function of local interactions between edges in G, but instead of global connectivity properties. This non-local structure is a crucial feature of the model but significantly complicates its analysis. The present paper studies the influence of this non-locality on the speed of convergence of the Glauber dynamics (i.e., local Markov chains) on subsets of Z 2 , where the model has been of particular interest.
On the infinite graph Z 2 , both the random-cluster and the Ising/Potts model undergo phase transitions corresponding to the sudden emergence of long-range correlations as some parameter of the system is continuously varied (p and β in this case). A classical result of Onsager [30] established that the Ising model (the q = 2 case) undergoes a phase transition at a critical β = β c (2) = ln(1 + √ 2). Recently it was shown in a celebrated result of Beffara and Duminil-Copin [2] that the Potts model (q ≥ 3 integer), and more generally the random-cluster model for any q > 1, also undergo phase transitions at the critical points β c (q) = ln(1 + √ q) and p c (q) = √ q/( √ q + 1), respectively. Note that β c (q) = − ln(1 − p c (q)). These phase transitions can also be understood as transitions in the number of (unique vs. multiple) infinitevolume Gibbs measures on Z 2 . The infinite-volume measures on Z 2 are obtained by taking limits of the distributions on finite boxes with a sequence of "boundary conditions", described below. We begin with the notion of boundary conditions in the Ising/Potts model. Let Λ n be an n × n square region of Z 2 with nearest-neighbor edges E(Λ n ), and let ∂Λ n be its (inner) boundary (i.e., those vertices in Λ n that are adjacent to vertices in Z 2 \ Λ n ). An Ising/Potts boundary condition τ is a fixed assignment of spins to ∂Λ n , and µ τ Λn is the Gibbs distribution on Λ n conditional on the assignment τ to ∂Λ n . (Since the interactions are nearest-neighbor, this is the same as conditioning on a configuration on all of Z 2 \ Λ n .)
For the random-cluster model on Λ n , a boundary condition ξ on ∂Λ n is a partition {ξ 1 , ξ 2 , ...} of the boundary vertices such that all vertices in ξ i are always in the same connected component of a configuration S via "ghost" (or external) wirings; these connections are considered in the counting of c(S) in (1) and can therefore impose highly non-local interactions. Of particular interest are boundary conditions for the random-cluster model corresponding to configurations on Z 2 \ Λ n : i.e., where the boundary partition is induced by the connections of a random-cluster configuration on E(Z 2 ) \ E(Λ n ). We call such boundary conditions realizable. (In fact, many works, including the standard text [20] , often restrict attention to realizable boundary conditions.) We note that boundary conditions are fundamental to the study of static and dynamic properties of the random-cluster and Ising/Potts models, especially in finite subsets of Z 2 .
In this paper we consider the Glauber dynamics for the random-cluster model on the finite subgraph (Λ n , E(Λ n )) of Z 2 , in the presence of boundary conditions. This Markov chain is of significant interest: it provides a simple Markov chain Monte Carlo (MCMC) algorithm for sampling configurations of the system; and is, in many cases, a plausible model for the evolution of the underlying system. Specifically, we consider the following discrete-time variant of the Glauber dynamics chain, which we refer to as the FK-dynamics. For t ∈ N, from S t ⊆ E(Λ n ), transition to S t+1 ⊆ E(Λ n ) as follows:
1. Choose an edge e ∈ E(Λ n ) uniformly at random; 2. let S t+1 = S t ∪ {e} with probability π Λn,p,q (S t ∪ {e}) π Λn,p,q (S t ∪ {e}) + π Λn,p,q (S t \ {e}) = p q(1−p)+p if e is a "cut-edge" in (Λ n , S t ); p otherwise;
3. else let S t+1 = S t \ {e}.
We say e is a cut-edge in (Λ n , S t ) if the number of connected components in S t ∪ {e} and S t \ {e} differ. Under a boundary condition ξ, the property of e being a cut-edge is defined with respect to the augmented graph (Λ n , S ξ t ), where S ξ t adds external wirings between all pairs of vertices in the same element of ξ. This Markov chain converges to π Λn,p,q by construction, and we study its speed of convergence.
A standard measure for quantifying the speed of convergence of a Markov chain is the mixing time, which is defined as the time until the dynamics is close (in total variation distance) to its stationary distribution, starting from a worst-case initial state. We say the dynamics is rapidly mixing if the mixing time is polynomial in |V |, and torpidly mixing when the mixing time is exponential in |V | ε for some ε > 0.
The corresponding Glauber dynamics for the Ising/Potts model (which updates spins one at a time according to the spins of their neighbors), is by now quite well understood on finite regions of Z 2 . In the high-temperature region β < β c (corresponding to p < p c ) the Glauber dynamics has optimal mixing time Θ(n 2 log n) on boxes Λ n [27, 7, 2, 1] ; moreover, this same asymptotic bound of Θ(n 2 log n) holds for every fixed boundary condition. These bounds follow as a consequence of the exponential decay of correlations of the model in the high-temperature regime, which holds even near the boundary for arbitrary Ising/Potts boundary conditions; this property is known as strong spatial mixing. In the low-temperature region β > β c the mixing time is exponential in n for free and periodic (toroidal) boundaries [34, 6, 16] . The more general problem of understanding the mixing time of the Glauber dynamics for other boundary conditions at low temperatures is a long-standing open problem, e.g., see [24, 28] .
The FK-dynamics is quite powerful since the self-duality of the model on Z 2 implies that it is rapidly mixing in the low-temperature regime where the Ising/Potts Glauber dynamics is torpidly mixing. For the FK-dynamics on Λ n , [4] showed that the mixing time is Θ(n 2 log n) for all q > 1 whenever p = p c (q) (it may exhibit torpid mixing at the critical p = p c (q) depending on the "order" of the phase transition [16, 17] ). Since this proof used a strong spatial mixing property for the random-cluster model, the Θ(n 2 log n) upper bound only holds under boundary conditions that are free (no boundary condition), wired (all boundary vertices are connected to one another) or periodic (the torus). Note, crucially, that these boundary conditions do not carry information about random-cluster connectivities in non-local ways: namely, configurations in different regions of Λ n do not interact through these boundaries. The behavior of the FK-dynamics under arbitrary random-cluster boundary conditions remained unclear.
We prove that the FK-dynamics at p = p c (q) is rapidly mixing for all realizable boundary conditions. Theorem 1.1. For every q > 1, p = p c (q), there exists a constant C > 0 such that the mixing time of the FK-dynamics on the n × n box Λ n ⊂ Z 2 with any realizable boundary condition is O(n C ).
We pause to comment on the proof of Theorem 1.1. As mentioned above, proofs of fast mixing when p = p c (q) have relied crucially on a strong spatial mixing property, which in the random-cluster model, would say that correlations between edges (even near the boundary ∂Λ n ) decay exponentially in the graph distance between them. It is easy to construct examples of realizable boundary conditions where this correlation does not decay at all, even if p ≪ p c (q), as the boundary can enforce long-range interactions. Since the exponential decay of correlations does hold for edges in the "bulk" of Λ n (i.e, at distance Θ(log n) away from its boundary), we are able to reduce the proof of Theorem 1.1 to proving a polynomial upper bound for the mixing time of the FK-dynamics on thin rectangles of dimension n×Θ(log n) with realizable boundary conditions. This will be the key technical difficulty for us and is established in Theorem 4.1.
In the setting of spin systems, or boundary conditions that do not encode long-range interactions, a polynomial upper bound on n × Θ(log n) rectangles would follow from standard canonical paths arguments [26, 25, 22, 32] . However, even realizable boundary conditions can heavily distort the graph with external wirings, preventing this approach from succeeding. Instead, to prove Theorem 4.1 we devise a novel application of a recursive (block dynamics) scheme common in the analysis of spin systems. In lieu of splitting rectangles into two overlapping sub-rectangles, e.g., the first two-thirds and the second twothirds, as is done for spin systems, our choice of smaller subsets at every step of the recursion is delicately dictated by the boundary conditions. As a consequence, the subsets we recurse over are no longer restricted to rectangles, but can be arbitrary "groups of rectangles" that are "compatible" with the realizable boundary conditions. We point the reader to Section 4 for a more detailed proof overview. Theorem 1.1 shows a polynomial upper bound on the mixing time, uniformly over all realizable boundary conditions. Utilizing this theorem we prove near-optimal O(|V |(log |V |) C ) mixing time for "typical" boundaries as we detail now. The notion of typicality should be understood as with high probability under some probability distribution over realizable boundary conditions, with a natural choice being the marginal distribution of the infinite random-cluster measure π Z 2 ,p,q on Z 2 \ Λ n .
As mentioned earlier, a key obstacle to proving mixing time upper bounds are long, distinct boundary connections that enforce long-range correlations. For any realizable boundary condition ξ corresponding to a partition {ξ 1 , ξ 2 , ...} of ∂Λ n , let L(ξ i ) be the smallest connected subgraph of ∂Λ n containing all vertices in ξ i . The key class of boundary conditions we consider are those where all the L(ξ i ) are small. Definition 1.2. We say a boundary condition ξ on ∂Λ n with corresponding partition
We say that a realizable boundary condition ξ is in C ⋆ α if its dual boundary condition ξ ⋆ is in C α ; see Section 2 for the definition of dual configuration. We refer to the classes C α and C ⋆ α as α-localized boundaries.
It is straightforward to see that if one samples a "random" boundary condition from the infinite-volume measure π Z 2 ,p,q , then with high probability, the induced boundary condition on ∂Λ n is α-localized for some α > 0. Since there is a unique random-cluster measure on Z 2 when p = p c (q), this is well-defined. Theorem 1.3. For all q > 1, p = p c (q), let ω be a random-cluster configuration sampled from π Z 2 ,p,q . If ξ ω is the boundary condition on ∂Λ n induced by the connections of ω in E(Z 2 ) \ E(Λ n ), then, with probability 1 − o(1), ξ ω is α-localized for α > 0 sufficiently large.
There are other similar ways of defining typicality of realizable boundary conditions that may also be of interest. For example, if ω were sampled from the random-cluster measure in a large concentric box containing Λ n , with probability 1 − o(1), ξ ω would again be α-localized; see Remark 9.
We are able to prove nearly-optimal mixing timeÕ(n 2 ) for α-localized boundaries, and hence, with high probability, for a random boundary sampled from any off-critical random-cluster measure. Theorem 1.4. For every q > 1, p < p c (q) (resp., p > p c (q)), and every α > 0, there exists a constant C > 0 such that for every realizable boundary condition ξ ∈ C α (resp., ξ ∈ C ⋆ α ) on ∂Λ n , the mixing time of the FK-dynamics on the n × n box Λ n with boundary condition ξ is O(n 2 (log n) C ).
The proof of Theorem 1.4 uses Theorem 1.1 in a crucial way. Typical boundary conditions do not exhibit the strong spatial mixing property from [4] ; however, for boundary conditions in C α we are able to prove that correlations between edges near the boundary decay exponentially in their graph distance divided by α log n. Using this correlation bound, together with the aforementioned general framework in Section 3 to derive mixing time estimates from spatial mixing properties, we reduce bounding the mixing time on Λ n with typical boundaries to bounding the mixing time on Θ((log n) 2 ) × Θ((log n) 2 ) rectangles with arbitrary realizable boundary conditions. Theorem 1.1 then implies that the mixing time of the FKdynamics in these smaller rectangles is at most poly-logarithmic in n. Similar classes of typical boundary conditions were considered in [16, 17] at p = p c (q); there, comparison methods were used to disregard the influence of long boundary connections at the expense of super-polynomial factors in the mixing time.
Given that our rapid mixing result for realizable boundaries relies heavily on the planarity of the boundary connections in Z 2 \ Λ n , one may wonder whether rapid mixing holds for all possible FK boundary conditions (including those not realizable as configurations on Z 2 \ Λ n ). We answer this in the negative, showing that there exist (non-realizable) boundaries for which the FK-dynamics is torpidly mixing even while p = p c (q). In fact, this torpid mixing holds at p ≪ p c (q), which may sound especially surprising as correlations in the Gibbs measure π Λn,p,q die off faster as p decreases. Theorem 1.5. Let q > 2. For every α ∈ (0, 1 2 ] and λ > 0 there exists a boundary condition ξ, such that when p = λn −α the mixing time of the FK-dynamics on the n×n box Λ n with boundary condition ξ is exp(Ω(n α )).
Our proof of this theorem is constructive: we take any graph G on m edges for which torpid mixing of the FK-dynamics is known at some value of p(m) < p c (q), and show how to embed G into the boundary of Λ n . We then develop a procedure to transfer mixing time bounds from G to Λ n . The high-level idea is that for sufficiently small p(m) the effect of the configuration away from the boundary is negligible, and so the mixing time of the FK-dynamics on G completely governs the mixing time of FK-dynamics near the boundary ∂Λ n . We can then use known torpid mixing results for the mean-field random-cluster model (the case where G is the complete graph) in its critical window at q > 2 [19, 3, 14, 15] .
We remark about the condition q > 2 in Theorem 1.5. In [21] it was shown that the mixing time of FKdynamics when q = 2 is at most polynomial in the number of vertices on any graph and at every p ∈ (0, 1). It is believed that this rapid mixing holds for all q ≤ 2; hence the requirement q > 2 appears to be sharp for Theorem 1.5. We believe that the above torpid mixing result may also extend to small, but Ω(1) values of p < p c (q), though our current proof does not allow for this. In principle, one would want to embed a bounded degree graph into ∂Λ n , so that its critical point at which it exhibits slow mixing is Ω(1). Note that there are several examples of bounded degree graphs where torpid mixing is known [9, 5, 6, 16, 18] .
Finally, we remark that mixing times of the FK-dynamics on a graph G are comparable, up to polynomial factors in |E| to mixing times of the Chayes-Machta dynamics [8] , as well as of the Swendsen-Wang algorithm that walks on the FK configurations of G [35, 36, 3] . By slight adaptations of the comparison results in [35, 36, 3] , our theorems thus provide upper and lower bounds for these non-local dynamics in the presence of FK boundary conditions. The rest of the paper is organized as follows. In Section 2, we formally define various preliminary notions that are used in our proofs. In Section 3, we introduce our general framework to deduce mixing time estimates on Λ n from spatial and local mixing properties. We then present our key rapid mixing result for thin rectangles (Theorem 4.1) in Section 4, before completing the proof of Theorem 1.1 in Section 5. This is boosted to nearly-optimal mixing time for typical boundaries (Theorem 1.4) in Section 6. Finally, the torpid mixing result (Theorem 1.5) is proved in Section 7.
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2 Preliminaries: the random-cluster model in Z 2
In this section we introduce a number of definitions, notation, and background results that we will refer to repeatedly. More details and proofs can be found in the books [20, 23] . We will be considering the random-cluster model on rectangular subsets of Z 2 of the form When n = l, we use Λ n for Λ n,n . For simplicity, in this preliminary section we shall focus on the n = l case, but everything stated here holds more generally for rectangular subsets with n = l. Abusing notation, we will also use Λ n for the graph (Λ n , E(Λ n )) where E(Λ n ) consists of all nearest neighbor pairs of vertices in Λ n . We denote by ∂Λ n the (inner) boundary of Λ n ; that is the vertex set consisting of all vertices in Λ n adjacent to vertices in Z 2 \ Λ n . The north, east, south, west, boundaries of Λ n will be delineated ∂ Λ n , ∂ Λ n , ∂ Λ n and ∂ Λ n respectively.
A boundary condition ξ of Λ n is a partition of the vertices in ∂Λ n . When u, v ∈ ∂Λ n are in the same element of ξ, we say that they are wired in ξ. If there exists a random-cluster configuration ω on E(Z 2 ) \ E(Λ n ) such that u, v ∈ ∂Λ n are in the same connected component of ω if and only if they are wired in ξ, we say that the boundary condition ξ is realizable. Remark 1. Realizable boundary conditions are the most natural class of boundary conditions (see [20] ) since they enforce the planarity of Z 2 . However, non-realizable boundary conditions are still relevant in some cases; for example, when considering the random-cluster model on non-lattice graphs such as trees. In Section 7, we consider the mixing time of the FK-dynamics under non-realizable boundary conditions.
For p ∈ (0, 1) and q > 0, the random-cluster model on Λ n with a boundary condition ξ is the probability measure over the subsets S ⊆ E(Λ n ) given by
where c(S; ξ) corresponds to the number of connected components in the augmented graph (V, S ξ ) and S ξ adds auxiliary edges between all pairs of vertices in ∂Λ n that are in the same element of ξ. Every subset S ⊆ E, can be naturally identified with some edge configuration ω :
(e is open) and ω(e) = 0 if e / ∈ S (e is closed). We sometimes interchange vertex sets with the subgraph they induce; e.g., the random-cluster configuration on a set R ⊂ Z 2 corresponds to the random-cluster configuration in the subgraph induced by R. We omit the subscripts p, q when understood from context.
Monotonicity. Define a partial order over boundary conditions by ξ ≤ η if the partition corresponding to ξ is finer than that of η. The extremal boundary conditions then, are the free boundary where ξ = {{v} : v ∈ ∂Λ n }, which we denote by ξ = 0, and the wired boundary where ξ = {∂Λ n }, denoted by ξ = 1. When q > 1, the random-cluster model satisfies the following monotonicity in boundary conditions: if ξ, η are two boundary conditions on ∂Λ n with ξ ≤ η, then π ξ Λn π η Λn , where denotes stochastic domination. Planar duality. Let Λ * n = (Λ * n , E(Λ * n )) denote the planar dual of Λ n . That is, Λ * n corresponds to the set of faces of Λ n , and for each e ∈ E(Λ n ), there is a dual edge e * ∈ E(Λ * n ) connecting the two faces bordering e. The random-cluster distribution satisfies π Λn,p,q (S) = π Λ * n ,p * ,q (S * ), where S * is the dual configuration to S ⊆ E (i.e., e * ∈ S * iff e ∈ S), and
Under a realizable boundary condition ξ, this distributional equality becomes π ξ Λn,p,q (S) = π ξ * Λ * n ,p * ,q * (S), where ξ * is the boundary condition induced by taking the dual configuration of the configuration on Z 2 \ Λ n identified with ξ. Notice that Z 2 is isomorphic to its dual. The unique value of p satisfying p = p * , denoted p sd (q), is called the self-dual point.
Infinite-volume measure and phase transition. A random-cluster measure π Z 2 ,p,q can be defined on the infinite lattice Z 2 as the limit as n → ∞ of the sequence of random-cluster measures on n × n boxes with free boundary conditions. The measure π Z 2 ,p,q exhibits a phase transition corresponding to the appearance of an infinite connected component. That is, there exists a critical value p = p c (q) such that if p < p c (q) (resp., p > p c (q)), then, almost surely, all components are finite (resp., there exists an infinite component). For q ≥ 1, the exact value of p c (q) for Z 2 was recently settled in [2] , proving
Exponential decay of connectivities (EDC). A consequence of the results in [1, 2] is that for every q > 1 and p < p c (q), there is a c = c(p, q) > 0 such that for every boundary condition ξ and all u, v ∈ Λ n ,
where d(u, v) is the graph distance between u, v in Z 2 and u Λn ←→ v denotes that there is an open path between u and v in the FK configuration on E(Λ n ) (not using the connections of ξ).
Random-cluster dynamics
Mixing and coupling times. Consider an ergodic (i.e., irreducible and aperiodic) Markov chain M with finite state space Ω, transition matrix P and stationary distribution µ. Let
where · is the total-variation distance. The mixing time of M is given by t := t (1/4), and for any positive ε < 1/2, by sub-multiplicativity, we have t (ε) ≤ ⌈log 2 ε −1 ⌉ t . We use t (Λ ξ n ) to denote the mixing time of the FK-dynamics on Λ n ⊂ Z 2 with boundary condition ξ.
A (one step) coupling of the Markov chain M specifies, for every pair of states (X t , Y t ) ∈ Ω × Ω, a probability distribution over (X t+1 , Y t+1 ) such that the processes {X t } and {Y t }, viewed in isolation, are faithful copies of M, and if X t = Y t then X t+1 = Y t+1 . The coupling time, denoted T coup , is the minimum T such that Pr[X T = Y T ] ≤ 1/4, starting from the worst possible pair of configurations X 0 , Y 0 . The following inequality is standard : t ≤ T coup .
Spectral gap and conductance. If P is reversible with respect to µ, then it has real eigenvalues 1 = λ 1 > λ 2 ≥ · · · ≥ λ |Ω| ≥ −1. The absolute spectral gap of P is defined by gap(P ) = 1 − λ * where λ * = max{|λ 2 |, |λ |Ω| |}. Let µ min = min ω∈Ω µ(ω); the following is then a standard inequality:
For A ⊂ Ω, the conductance of A is defined as
The conductance of the chain is given by Φ ⋆ = min A:µ(A)≤1/2 Φ(A), and we have
FK-dynamics and duality. By identifying each FK configuration with its dual configuration, the FKdynamics on Λ n with realizable boundary conditions ξ at parameters p, q is in bijection with the dynamics on the dual graph Λ * n with boundary conditions ξ * and parameters p * , q. Hence, the two dynamics have the same mixing times, and it often suffices for us to prove our theorems at p < p c (q). For example, the dual of a realizable boundary condition is also realizable (induced by the dual configuration on Z 2 \ Λ n ), so it suffices to prove Theorem 1.1 for p < p c (q).
Boundary condition modification. Finally, we will often appeal to a comparison inequality between mixing times of the FK-dynamics under different boundary conditions. This inequality is a consequence of the following trivial comparison between random-cluster measures. Lemma 2.1. Let G = (V, E) be an arbitrary graph, p ∈ (0, 1) and q > 0. Let ρ and ρ ′ be two partitions of V encoding two distinct external wirings on the vertices of G. Let π ρ G , π ρ ′ G be the resulting random-cluster measures. Then, for all FK configurations ω ∈ {0, 1} E , we have
where D(ρ, ρ ′ ) is the minimal number of vertices that must be added/removed from one element of a partition to another to go from ρ to ρ ′ .
With this in hand, the variational form of the spectral gap implies the following (see e.g., [31] ).
Lemma 2.2. Let G = (V, E) be an arbitrary graph, p ∈ (0, 1) and q > 0. Consider the FK-dynamics on G with the external wirings ρ and ρ ′ , and let t (G ρ ), t (G ρ ′ ) denote their mixing times. Then:
Mixing time upper bounds: a general framework
In this section we introduce a general framework for bounding the mixing time of the FK-dynamics on Λ n = (Λ n , E(Λ n )) by its mixing times on certain subsets. In [4] it was shown that a strong form of spatial mixing (encoding exponential decay of correlations uniformly over subsets of Λ n ) implies optimal mixing of the FK-dynamics. However, this notion, known as strong spatial mixing (SSM) and described in Remark 2, does not hold for most boundary conditions for which fast mixing of the FK-dynamics is still expected. To circumvent this, we introduce a weaker notion, which we call moderate spatial mixing (MSM).
Notation. We introduce some notation first. For a set R ⊆ Λ n , let E(R) ⊆ E n be the set of edges of E(Λ n ) with both endpoints in R. We will denote by R c the vertex set Λ n \ R and by E c (R) the edgecomplement of R; i.e., E c (R) := E(Λ n ) \ E(R). For a configuration ω : E(Λ n ) → {0, 1}, we will use ω(R), or alternatively ω(E(R)), for the configuration of ω on E(R). With a slight abuse of notation, for an edge set F ⊆ E(Λ n ), we use {F = ω} for the event that the configuration on F is given by ω; when ω is the all free or all the wired configuration, we simply use {F = 0} and {F = 1}, respectively.
Definition 3.1. Let ξ be a boundary condition for Λ n = (Λ n , E(Λ n )) and let B = {B 1 , B 2 , . . . , B k } be a collection of subsets of Λ n . We say that moderate spatial mixing (MSM) holds on Λ n for ξ, B and δ > 0 if for all e ∈ E(Λ n ), there exists B j ∈ B such that
In words, MSM holds for B if for every edge e ∈ E(Λ n ) we can find B j such that e ∈ E(B j ) and the "influence" of the configuration on E c (B j ) on the state of e is bounded by δ.
Remark 2. SSM as defined in [4] holds when MSM holds for a specific sequence of collections of subsets: if B r is the set of subsets containing all the square boxes of side length 2r centered at each e ∈ E(Λ n ) (intersected with E(Λ n )), then SSM holds if MSM holds for B r for every r ≥ 1 with δ = exp(−Ω(r)).
MSM does not capture the fast mixing of the FK-dynamics the way SSM does. Namely, it is easy to find collections of subsets for which MSM holds for all boundary conditions, including those boundary conditions for which we later prove slow mixing; see Theorem 1.5. However, if, for a collection B = {B 1 , B 2 , . . . , B k }, we also bound the mixing time of the FK-dynamics on every B j , we can deduce a mixing time bound for the FK-dynamics on Λ n . Let t (B τ ) denote the mixing time of the FK-dynamics on the subset B ⊆ Λ n with boundary condition τ . (Recall that τ corresponds to a partition of ∂B and that ∂B consists of those vertices in B that are adjacent to vertices in Z 2 \ B.) Definition 3.2. Let ξ be a boundary condition for Λ n = (Λ n , E(Λ n )) and let B = {B 1 , B 2 , . . . , B k } with B j ⊂ Λ n . We say that local mixing (LM) holds for B and T > 0, if
where (1, ξ) (resp., (0, ξ)) denotes the boundary condition on B j induced by the event {E c (B j ) = 1} (resp. {E c (B j ) = 0}) and the boundary condition ξ.
Remark 3. Observe that when B j ∩ ∂Λ n = ∅, (1, ξ) and (0, ξ) are simply the wired and free boundary condition on B j , respectively. When B j ∩ ∂Λ n = ∅, the connectivities from ξ could also induce some connections in (1, ξ) and (0, ξ).
Our next theorem, roughly speaking, establishes the following implication:
MSM + LM =⇒ upper bound for mixing time of FK-dynamics, with the quality of the bound depending on the T for which LM holds. A similar (and inspiring) implication for the Glauber dynamics of the Ising model in graphs of bounded degree was established by Mossel and Sly in [29] ; there, the notion of MSM is replaced by a form of spatial mixing which is stronger than SSM.
If for ξ and B, moderate spatial mixing holds for some δ ≤ 1/(12|E(Λ n )|) and local mixing holds for some T > 0, then t (Λ ξ n ) = O(T n 2 log n).
Proof. Consider two copies {X t }, {Y t } of the FK-dynamics. We couple the evolution of {X t } and {Y t } by using the same random e ∈ E(Λ n ) and the same uniform random number r ∈ [0, 1] to decide whether to add or remove e from the configurations. We call this coupling the identity coupling. It is straightforward to verify that, when q ≥ 1, the identity coupling is a monotone coupling, in the sense that if X t ⊆ Y t then X t+1 ⊆ Y t+1 with probability 1.
We bound the coupling time T coup of the identity coupling for the FK-dynamics. The result then follows from the fact that t ≤ T coup . Since the identity coupling can be extended to a simultaneous coupling of all configurations that preserves the partial order ⊆, the coupling time starting from any pair of configurations is bounded by the coupling time for initial configurations Y 0 = ∅ and X 0 = E(Λ n ).
We prove that there existsT = O(T n 2 log n) such that the identity coupling P satisfies
Fix any edge e ∈ E(Λ n ) and let B j ∈ B be a subset for which (6) is satisfied (such a subset exists since moderate spatial mixing holds). To bound P[ XT (e) = YT (e) ], we introduce two additional instances
These two copies update only edges with both endpoints in B j and reject all other updates. We set
t } are coupled with the identity coupling, with updates outside B j ignored by both {Z + t } and {Z − t }. The monotonicity of this coupling, along with a triangle inequality, implies that for all t ≥ 0,
Observe that the restrictions of the chains {Z + t } and {Z − t } to B j are lazy versions of FK-dynamics on B j with stationary measures π ξ Λn ( · | E c (B j ) = 1 ) and π ξ Λn ( · | E c (B j ) = 0) , respectively. The laziness comes from the fact that they only accept updates that are in B j , and by the local mixing assumption, once T updates have been done in B j , the chains {Z + t } and {Z − t } will be mixed. Now, afterT = CT |E(Λ n )| log 2 ⌈24|E(Λ n )|⌉ steps, the expected number of updates in B j is
Then, by a Chernoff bound the number of updates in B j will be at least T log 2 ⌈24|E(Λ n )|⌉ with probability at least 1 − 1 24|E(Λn)| for a large enough constant C > 0. By the local mixing property, if indeed CT log 2 ⌈24|E(Λ n )|⌉ updates occur in B j by timeT ,
Combining this with the above Chernoff bound, we see that when t =T the right-hand side in (7) is at most 1 12|E(Λn)| . The same bound can be deduced for (9) in a similar manner. Finally, the moderate spatial mixing property implies that
Putting these bounds together we see that P[ XT (e) = YT (e) ] ≤ 1 4|E(Λn)| as desired.
Fast mixing on thin rectangles
The main difficulty in proving Theorem 1.1 using the general framework from Section 3 is obtaining mixing time estimates on thin rectangles of dimension Θ(n) × Θ(log n) with realizable boundary conditions. To motivate this, we notice that since p < p c (q), the influence of the boundary is lost, with high probability, at a distance Θ(log n). Thus the main difficulty will be to bound the mixing time of the FK-dynamics in the annulus of width Θ(log n) with realizable boundary conditions on the outside. As such, the key ingredient in the proof of Theorem 1.1 will be the following mixing time bound on thin rectangles.
Theorem 4.1. Consider Λ n,l = (Λ n,l , E(Λ n,l )) for l ≤ n with an arbitrary realizable boundary condition on its top boundary and free (or wired) elsewhere. Then, for every q > 1 and p < p c (q), the mixing time of the FK-dynamics on Λ n,l is at most exp(O(l + log n)).
Observe that when l = O(log n), this implies the mixing time is n O(1) , which will be the setting of interest in our proofs. In Section 4.1, we give a overview of the main ideas in the proof of this theorem. In Sections 4.2-4.3, we introduce some crucial notions regarding subsets of Λ n,l and their relations with the boundary conditions ξ. Sections 4.4-4.5 bound the mixing time of the block dynamics with respect to a well-chosen set of subsets of Λ n,l . The recursive proof of Theorem 4.1 is then completed in Section 4.6.
Outline of proof of Theorem 4.1
We first mention some obstructions that boundary conditions present to proving Theorem 4.1 using approaches that are common in analogous problems for spin systems. A traditional approach to proving mixing time bounds for thin rectangles is the canonical paths method ( [26, 25, 22, 32] ), which gives an upper bound that is exponential in the shorter side length; however, boundary conditions can significantly distort the augmented graph with external wirings, preventing this approach from succeeding.
A boundary condition ξ where every pair of overlapping rectangles (as in (10)) must interact through ξ; however, the two groups of rectangles R 1 , R 2 do not interact through ξ.
A sharper approach would be to use an inductive scheme [7, 25, 17] , whereby, we bound the mixing time of the FK-dynamics on n × l rectangles by the mixing times in smaller rectangular blocks, e.g.,
This method requires bounding by the mixing time of the so-called block dynamics.
is the discrete-time Markov chain that, at each t, picks i uniformly at random from { , } and updates the configuration in E(B i ) with a sample from the stationary distribution of the chain conditional on the configuration of X t on E c (B i ). 1); this then allows a fairly standard coupling argument to be used to bound the mixing time. In the presence of long-range boundary connections, however, it could be that no configuration on B ∩ B would disconnect the two sides from one another and facilitate coupling; see Figure 1 (a) for such an example. As such, our choices of blocks will depend on the boundary conditions, and be chosen to allow for the block dynamics to couple in O(1) time, while ensuring that the blocks are still at most a fraction of the size of the original rectangle, so that only O(log n) recursive steps are required before arriving at a small enough base scale.
In particular, we will show that for every realizable boundary condition ξ on Λ n,l , there exists a choice of two blocks, whose widths are at most 4 5 n, such that they are sufficiently isolated from one another in ξ. As Figure 1 (b) demonstrates, there are realizable boundary conditions that would force these blocks to not be single rectangles, as in (10), but rather collections of rectangular subsets of Λ n,l . Thus, our recursive argument will proceed instead on groups of rectangles,
are disjoint, with boundary conditions induced by ξ and the configuration of the chain on Λ n,l \ R.
We formally define groups of rectangles (Definition 4.3), and their boundary conditions in Section 4.2. We consider next the notion of compatibility of a group of rectangles R ⊂ Λ n,l with the boundary condition ξ. Roughly speaking, we say a group of rectangles R is compatible with ξ if ξ limits the boundary interactions between the rectangles of R for every possible configuration on Λ n,l \ R; see Definition 4.7.
In Section 4.4, we provide an algorithm (see Lemma 4.8) that, for a group of rectangles R compatible with ξ, finds two suitable subsets for the block dynamics: these subsets will each be group of rectangles compatible with ξ, of width between 1/5 and 4/5 of the width of R. This will allow us to induct on groups of rectangles compatible with ξ, while ensuring that number of recursive steps is O(log n). Specifically, our splitting algorithm will find interior and exterior subsets A and A with no boundary connections between the two; see Figure 2 (a). These will be the cores of the two blocks for R, but in order to bound the coupling time of the block dynamics, we want the two blocks to overlap, and therefore we enlarge A and A by m = Θ(log l) to form the blocks R and R for the block dynamics; see Figure 2 
Finally, in Section 4.5, we bound the coupling time of this block dynamics by some sufficiently large constant to conclude the proof. This follows by leveraging the fact that p < p c to condition on the existence of certain disconnecting dual-paths in R ∩ R that occur with Ω(1) probability.
Groups of rectangles and disconnecting intervals
In this section, we define the building blocks of our recursive proof of polynomial mixing. We will give the relevant definitions of groups of rectangles and their boundary conditions, and introduce the notion of disconnecting intervals, which will dictate the way we recursively split groups of rectangles.
We consider an n × l rectangle Λ n,l = [[0, n]] × [[0, l]] with a boundary condition ξ that is wired/free on ∂ Λ n,l ∪ ∂ Λ n,l ∪ ∂ Λ n,l and realizable on ∂ Λ n,l .
Henceforth, we take
where c ⋆ is a constant such that c ⋆ > c −1 we choose later, with c being the constant from (2).
For such a rectangular subset, we denote by W (R) its width; i.e., W (R) = b − a.
We define the boundary of a group of rectangles R =
∂ R i and similarly define ∂ R; on the other hand, ∂ R will be the eastern boundary of the left-most rectangle R i and ∂ R, the western boundary of the right-most.
In our block dynamics, we will be considering blocks that are groups of rectangles. If we want to update the group of rectangles R ⊂ Λ n,l , the boundary condition induced on ∂R will consist of the boundary condition on Λ n,l which will be fixed to be ξ, and a fixed random-cluster configuration ω R c on E c (R) = E(Λ n,l ) \ E(R). Hence, we restrict attention to boundary conditions on R that are of this form, and denote them by the pair ζ = (ξ, ω R c ).
In the subsequent analysis, for a fixed boundary condition ξ, we will be interested in groups of rectangles whose boundary conditions are in a nice class, which we call compatible, independently of choice of ω R c . In order to define compatibility of groups of rectangles with ξ, we need to introduce the following notion of disconnecting intervals, that allows us to break up R into subsets that do not interact with each other through the boundary condition ζ = (ξ, ω R c ). This notion is closely related to the boundary bridges of [17] and encodes regions between which information does not travel through the boundary conditions. The planarity of realizable boundary conditions will play a crucial role in these definitions.
Recall 
Remark 5. Observe that in the definition of disconnecting intervals, connections that involve ∂ R are ignored. This is because we only consider boundary conditions ξ that are either free or wired in ∂ R.
The following key property regarding disconnecting intervals is easy to see by noticing that disconnecting intervals ensure that the connectivities between the vertices in 
The following intersection property of disconnecting intervals will also prove useful. 
Compatible boundary conditions
We define next the notion of compatibility of groups of rectangles with boundary conditions. This notion will be crucial in our inductive argument; indeed, our algorithm for finding suitable blocks for the block dynamics will guarantee that if the starting group rectangles is compatible w.r.t. to a given boundary condition, so will each of the blocks, enabling an inductive procedure.
Let ξ be a realizable boundary condition on ∂Λ n,l that is free or wired on ∂ Λ n,l ∪ ∂ Λ n,l ∪ ∂ Λ n,l , and free in all vertices in ∂ Λ n,l at distance less than m from ∂ Λ n,l ∪ ∂ Λ n,l . This latter requirement for vertices near the corners of Λ n,l allows us to always choose blocks in our recursion whose boundaries are at least distance m from ∂ Λ n,l ∪ ∂ Λ n,l ; this simplifies our analysis.
Recall that for the group of rectangles R, (ξ, ω R c ) is the boundary condition that encodes the connections from ξ and the configuration ω R c on E c (R) = E(Λ n,l ) \ E(R c ). The following will be the distinguishing property of our choice of blocks for the block dynamics. Definition 4.7. We say a group of rectangles R is compatible with ξ, if for every configuration ω R c on E c (R), the boundary condition (ξ, ω R c ) satisfies the following:
Between any two consecutive rectangles
Remark 6. It is clear by definition that Λ n,l is compatible with ξ (the first condition is vacuously satisfied, while the second is satisfied since all vertices a distance less than m from ∂ Λ n,l ∪ ∂ Λ n,l are free).
Defining the blocks for the block dynamics
Now that we have introduced disconnecting intervals and discussed their properties, we describe our algorithm for picking two blocks R , R for the block dynamics, based on the boundary condition ξ. Recall the definition of width W (·) of a rectangle, and for a group of rectangles let W (R) =
The following lemma provides the basis for our splitting algorithm. Lemma 4.8. Let ξ be a realizable boundary condition on ∂Λ n,l that is free or wired on ∂ Λ n,l ∪∂ Λ n,l ∪∂ Λ n,l and free in all vertices in ∂ Λ n,l at distance less than m from ∂ Λ n,l ∪ ∂ Λ n,l . For every group of rectangles R compatible with ξ, with W (R) ≥ 100m, there exists an interval [[a, b]] that is disconnecting for every boundary condition (ξ, ω R c ) such that neither (a, l) nor (b, l) are distance less than m from ∂R \ (∂ R ∪ ∂ R), and
We pause to comment on why a disconnecting interval with such properties provides the desired blocks for the block dynamics. The interval [[a, b]] from the lemma will be used to define A = R∩([[a, b]]×[[0, l]]) and A = R \ A ; their enlargements by m will form the blocks R and R (see Figure 2 ). The requirement that W (A ) be a fraction of W (R) bounded away from 0 and 1 is so that we only recurse O(log n) times before reaching small enough widths. The requirement that the corners of [[a, b]]×[[0, l]] are a distance at most m from ∂R \ (∂ R ∪ ∂ R) is so that when we enlarge the sets A , A by m, we do not overflow beyond the rectangles containing (a, l) and (b, l). Crucially, our ability to pick disconnecting segments that satisfy this latter requirement will be guaranteed by the compatibility of R with ξ.
Proof of Lemma 4.8. We begin by finding a candidate disconnecting interval [[ã,b]] satisfying
If there exist a pair of points (ã, l), (b, l) ∈ ∂ R such that (11) is satisfied and (ã, l) is connected to (b, l) through ξ, then the interval [[ã,b]] is disconnecting of type 2 for every ω R c and there is nothing else to prove. Suppose otherwise that there does not exist any such boundary connection: then every pair (x, l), (y, l) ∈ ∂ R connected through ξ is such that
If there is a pair such that the latter holds, the planarity of Z 2 and Remark 4 imply that there exists (x 0 , l), (y 0 , l) ∈ ∂ R connected through ξ such that
and all other boundary connections through ξ between vertices (x 1 , l),
can be partitioned into disjoint disconnecting intervals, formed by the boundary components of ξ, all of which have width at most 1 3 
) . This implies that there exists an interval
. This is because the union of two disconnecting intervals is also a disconnecting interval, so we may merge adjacent disconnecting intervals until we obtain one of width between 1 3 W (R) and 2 3 W (R). Now that we have found a candidate disconnecting interval [[ã,b]], if both (ã, l) and (b, l) are at least a distance m from ∂R \ (∂ R ∪ ∂ R) then we set a =ã and b =b and we are done. Otherwise, let
We claim that in all of these cases the interval [[a, b]] is disconnecting for every ω R c . To see this, suppose thatã is at distance less than m from ∂ R i whileb is at distance at least m from ∂R \ (∂ R ∪ ∂ R). In this case, we set a = a i +m and b =b. b] ] is disconnecting. All other cases can be checked in similar manner.
Finally, we claim that [[a, b]] satisfies
This follows from the facts that W (R) ≥ 100m, |ã − a| ≤ m and |b − b| ≤ m.
We will now use the disconnecting interval given by Lemma 4.8 to define two subsets A and A of R, and set R and R to be their enlargments by m. 
Define
Remark 7. Note that by Lemma 4.8, (a ± , l) ∈ ∂R and (b ± , l) ∈ ∂R.
We now demonstrate that this choice of R and R has certain fundamental properties that will facilitate the recursive argument in the proof of Theorem 4.1. Proof. By definition R and R are unions of rectangular subsets of Λ n,l . Since R was a group of rectangles compatible with ξ, every constituent rectangle R i had W (R i ) ≥ 2m and ∂ A ∪ ∂ A is a distance at least m from ∂R \ (∂ R ∪ ∂ R). By construction, every maximally connected rectangular subset of R and R will therefore have width at least 2m and thus are valid group of rectangles.
To see item 1., note that by Lemma 4.8,
The same holds for R .
To check item 2., consider R first and notice that the only adjacent rectangles in R that are not identical to adjacent rectangles in R are the two rectangles containing R \A . On all pairs of adjacent rectangles that were unchanged, the boundary conditions satisfy property 1) of Definition 4.7 as before, since their boundary conditions were compatible for R. Let R 1 and R 2 be the two rectangles that contain R \ A . Then, we claim that for any configuration on R c , the interval from a distance m left of ∂ R 1 to a distance m right of ∂ R 2 is a disconnecting interval. This is true since this is exactly the interval [[a, b]] that was chosen such that it was disconnecting for R, and by planarity, no configuration in R∩ R c can induce connections to
Similarly, the only adjacent rectangles in R that are not identical to adjacent rectangles in R are those containing R \ A , and an analogous argument implies that R is compatible with ξ.
Block dynamics coupling time
Here we consider the block dynamics on R with blocks R and R as defined in Section 4.4; see also Figure 2 (b). We begin by defining the block dynamics for a group of rectangles. 
is the discrete-time Markov chain that at each t, selects i uniformly at random from {1, ..., k} and updates the configuration on E(R i ) from the stationary distribution conditional on the configuration X t (E c (R i )). Let ξ be a realizable boundary condition on ∂Λ n,l that is free or wired on ∂ Λ n,l ∪ ∂ Λ n,l ∪ ∂ Λ n,l and free in all vertices in ∂ Λ n,l at distance less than m from ∂ Λ n,l ∪ ∂ Λ n,l . There exists K = K(p, q) ≥ 1 such that for every group of rectangles R compatible with ξ and every configuration ω R c ,
Proof. Let {X t }, {Y t } be two instances of the block dynamics on R with boundary condition ζ = (ξ, ω R c ) started from initial configurations X 0 , Y 0 . We design a coupling P for the steps of {X t } and {Y t } and bound its coupling time. This yields upper bounds for both the mixing time and the inverse spectral gap of the block dynamics; see Section 2 for a brief overview of the coupling method. For this, we will show that for every pair of initial configurations X 0 , Y 0
Since this bound will be uniform over X 0 , Y 0 , we can make independent attempts at coupling the two chains every two steps. Hence, there would exist T = O(1) such that
bounding the coupling time by T = O(1) concluding the proof. First observe that with probability 1/4 the first block to be updated is R and the second is R . Suppose this is the case and let us consider the update on block R . Observe that X 1 (R ) is distributed according to the random-cluster measure π θ X on R , where θ X is the boundary condition induced on ∂R by the boundary condition ζ on R and the configuration of X 0 in E(R) \ E(R ). Likewise, Y 1 (R ) has law π θ Y , with the boundary condition θ Y defined analogously but considering the configuration of Y 0 in E(R) \ E(R ) instead. Therefore, any coupling for the random-cluster measures π θ X , π θ Y is also a coupling for the first step of {X t } and {Y t }.
We provide next a coupling for π θ X and π θ Y . Let θ 1 be the boundary condition on ∂R induced by ζ and the configuration that is all wired on E(R) \ E(R ); let π θ 1 be the corresponding random-cluster measure on R . Let Q , Q ⊂ R be the two rectangles of width m that contain all the vertices in R \ A ; i.e., Q ∪ A ∪ Q = R , Q ∩ A = ∅ and Q ∩ A = ∅ (see Figure 3 
is sampled from P 1 , then all of the following hold:
3. There exists a constant ρ = ρ(p, q) > 0 such that P 1 (ω θ 1 ∈ Γ) ≥ ρ.
Hence, if we use the coupling P 1 from Lemma 4.13 to couple the first step of the chains, then X 1 and Y 1 will agree on A with probability at least ρ > 0. If this occurs, then we can easily couple the update on R in the second step so that X 2 = Y 2 , since X 1 (A ) = Y 1 (A ) implies X 1 (E(R) \ E(R )) = Y 1 (E(R)\E(R )), and thus the boundary conditions induced by the two instances of the chain on R are identical. As a consequence, we obtain that for any X 0 , Y 0 ,
which gives (12) and thus concludes the proof.
We proceed with the proof of the key Lemma 4.13. Parts 1 and 2 of the lemma follow from a fairly standard coupling technique; see, e.g., [1, 4] . We shall also use this approach later in the proof of Lemma 5.4. Part 3 will be a consequence of the EDC property (2); see proof of Claim 4.14.
Proof of Lemma 4.13. Let
where C(v, ω) is the vertex set of the connected component of v in ω, ignoring the boundary connections. Clearly, π θ 1 π θ X and π θ 1 π θ Y and thus there exist monotone couplings P X (resp., P Y ) for π θ X and π θ 1 (resp., π θ Y and π θ 1 ). We use P X and P Y to construct the coupling P 1 as follows:
is the subgraph induced by F (ω θ 1 ) and η 1 is the boundary condition on ∂F (ω θ 1 ) induced by θ 1 and the configuration of ω θ 1 on E(R ) \ E(F (ω θ 1 ))-and make ω θ 1 (F (ω θ 1 )) = ω θ X (F (ω θ 1 )) = ω θ Y (F (ω θ 1 )) = ω ∆ .
Let P 1 be the resulting distribution of (ω θ X , ω θ Y , ω θ 1 ). After step (i), P 1 has the desired marginals. Moreover, we claim that replacing the configuration in F (ω θ 1 ) with ω ∆ in step (ii) has no effect on the distribution, provided A ⊆ F (ω θ 1 ). For this, we show that the three boundary conditions η 1 , η X , η Y induced on ∂F (ω θ 1 ) by the configurations of ω θ X , ω θ Y , ω θ 1 on E(R ) \ E(F (ω θ 1 )), respectively, and the corresponding boundary conditions θ X , θ Y , θ 1 are all the same.
First, observe that if A ⊆ F (ω θ 1 ), then the configurations on E(R )\E(F (ω θ 1 )) cannot introduce any new connections on ∂A . Hence, the interval [[a , a ]], where a and a are the x-coordinates of ∂ A ∩ ∂ A and ∂ A ∩ ∂ A respectively, is still disconnecting for θ X , θ Y and θ 1 . Moreover, the boundary condition on ∂ A is, in all three cases, free or wired by assumption, and from the definition of F (·) it follows that every edge of E(R ) \ E(F (ω θ 1 )) incident to ∂F (ω θ 1 ) is closed. These facts together with Fact 4.5 then imply that when A ⊆ F (ω θ 1 ), η 1 = η X = η Y . The domain Markov property of random-cluster measures (see, e.g., [20] ) then guarantees that replacing the configuration in F (ω θ 1 ) with ω ∆ has no effect on the distribution.
Finally, note that if ω θ 1 ∈ Γ, then the vertices in the boundary components of L, i.e., ∪ v∈L C(v, ω θ 1 ), will be confined to Q ∪ Q , in which case A ⊆ F (θ 1 ). This establishes items 1 and 2. Item 3 follows directly from the following claim, which will conclude the proof. Proof. Let Γ (resp., Γ ) be the set of configurations on R such that there is dual-path from ∂ Q to ∂ Q (resp., from ∂ Q to ∂ Q ) in E(Q ) ∪ ∂E(Q ) (resp., E(Q ) ∪ ∂E(Q )). Also, let Γ (resp., Γ ) be the set of configurations on R such that there is dual-path in E(Q ) ∪ ∂E(Q ) (resp., in E(Q ) ∪ ∂E(Q )) between the left-most edge in ∂ Q (resp., the right-most edge in ∂ Q ) and the topmost edge of ∂E(Q ) (resp., ∂E(Q )); see Figure 3 
The width of Q is m = c ⋆ log l. Hence, the EDC property (2) implies that when c ⋆ is large enough there exists a constant ρ 0 = ρ 0 (p, q) > 0 such that π θ 1 (Γ ) ≥ ρ 0 and similarly for Γ . The EDC property (2) also implies that π θ 1 (Γ ) ≥ ρ 1 and π θ 1 (Γ ) ≥ ρ 1 , for a suitable ρ 1 = ρ 1 (p, q) > 0. We justify this as follows. By the EDC property (2), there exists some constant D such that with probability Ω(1), no pair of vertices whose distance is at least D, one of which is in ∂ Q \ ∂ Q and the other in ∂ Q ∪ ∂ Q ∪ ∂ Q , will be connected in Q . At the same time, with probability Ω(1), we can force O(D) edges bordering those pairs that are distance less than D to be closed so that no pair of vertices that are closer than D are connected in Q either. The analogous reasoning holds for Γ and Q . Since each of the events Γ , Γ , Γ , Γ are decreasing events, by the FKG inequality (see, e.g., [20] ) we get
and thus we can take ρ = ρ 2 0 ρ 2 1 to have the desired estimate.
Proof of Theorem 4.1
In this section, we put together the results from Sections 4.2-4.5 to prove Theorem 4.1. We first remind the reader of the following standard mixing time estimate regarding the relation between the spectral gaps of the FK and block dynamics. 
where Ω(R c i ) denotes the set of FK configurations on E(R) \ E(R i ).
The proposition in [26] is written in the spin system setting, but the proof follows mutatis mutandis for the random-cluster model and its proof is thus omitted. Also, we note that this theorem holds in more generality for arbitrary graphs with arbitrary boundary conditions, but for clarity we choose to state it here for groups of rectangles. The final ingredient will be the following mixing time estimate for the base case in our recursive proof. 
Proof. Note that |∂R 0 | = O(m + l). Hence, we can first modify the boundary conditions to be all free on all of ∂R 0 , incurring a cost of a q O(l) factor in the spectral gap by Lemma 2.2; recall that m = O(log l). Then we can use the fast mixing result of [4] , for instance, to bound the mixing time on R 0 with free boundary condition by O(l(log l) 2 ). This translates into a lower bound for the spectral gap and the result follows.
Proof of Theorem 4.1. Fix q > 1 and p < p c (q). Fix Λ n,l with a realizable boundary condition ξ ′ that is free or wired on ∂ Λ n,l ∪ ∂ Λ n,l ∪ ∂ Λ n,l . By Lemma 2.2, we may modify ξ ′ to a boundary condition ξ that is also free on all vertices a distance at most m = c ⋆ log l from ∂ Λ n,l ∪∂ Λ n,l at a cost of an exponential in m factor in the mixing time. Let ξ be the realizable boundary condition that results from this. We consider first the case when ξ is also free in ∂ Λ n,l .
We wish to prove, by induction, that for every 100m ≤ s ≤ n, every group of rectangles R s ⊂ Λ n,l that is compatible with ξ and has W (R s ) = s satisfies
for some b = b(p, q) > 0 which we will choose later, uniformly over all configurations ω R c s on E c (R s ).
Eq. (13) concludes the proof since Λ n,l is a group of rectangles with W (Λ n,l ) = n and is compatible with ξ.
The base case of this induction was shown in Lemma 4.16. Now suppose inductively that this holds for all 1 ≤ k ≤ s − 1 for some s ≤ n; we show that it also holds for s. Fix any R s that is compatible with ξ, and any configuration ω R c s . Then, if we let R = R (R s ) and R = R (R s ) be the blocks given by Definition 4.9 and B s the block-dynamics with respect to these blocks, by Theorem 4.15
where the second inequality follows from The case when ξ is wired in ∂ Λ n,l ∪ ∂ Λ n,l ∪ ∂ Λ n,l follows in similar fashion.
Polynomial mixing time for realizable boundary conditions
In this section we prove Theorem 1.1. This theorem is proved for p < p c (q) using the technology introduced in Section 3; namely, we construct a collection of subsets B for which we can establish LM and MSM; see Definitions 3.1-3.2. To establish LM we crucially use Theorem 4.1. The results for p > p c (q) follow from the self-duality of the model and of realizable boundary conditions, as explained in Section 2.1. For general realizable boundary conditions, proving LM for a collection of subsets B for which MSM holds is the main challenge. This is because, for MSM to hold for a collection B for all realizable boundary conditions, a subset in B needs to contain Ω(n) edges. In particular, some element of B must include most (or all) edges near ∂Λ n , as otherwise it is straightforward to construct examples of realizable boundary conditions for which MSM does not hold. Thus, a trivial (exponential in the perimeter) upper bound for the mixing time on those subsets with Ω(n) edges would be unhelpful and we use Thoerem 4.1.
We now define the collection of blocks for which we can establish both LM and MSM. Let r ∈ N and let C , C , C , C ⊂ Λ n be the four square boxes of side length 5r with a corner that coincides with a corner of Λ n ; see Figure 4 (a). Let R ⊂ Λ n be the (n − 6r) × 2r rectangle at distance 3r from both ∂ Λ n and ∂ Λ n whose top boundary is contained in ∂ Λ n and let R , R , R be defined analogously; see 
We claim that LM holds for B r with r = Θ(log n) and T = O(n C ) for some constant C > 0. The final ingredient of the proof is establishing MSM for the collection B r . We show that MSM holds for B r with r = Θ(log n) for all realizable boundary conditions ξ where the vertices in ∂Λ n at distance 5r from the corners of Λ n are free in ξ. This is sufficient since any realizable boundary condition can be turned into a realizable boundary condition with this property by simply removing all connections in ξ involving vertices near the corners of Λ n ; this modification can change the mixing time of the FK-dynamics by a factor of at most exp(O(r)); see Lemma 2.2. Theorem 1.1 then follows from Theorems 5.1, 5.2 and 3.3.
Theorem 5.2. Let q ≥ 1, p < p c (q) and r = c 0 log n with c 0 > 0 independent of n. Let ξ be a realizable boundary condition with the property that every vertex v ∈ ∂Λ n at distance at most 5r from a corner of Λ n is free in ξ. Then, for all sufficiently large c 0 > 0, MSM holds for ξ and B r with δ < 1/(12|E(Λ n )|).
We are now ready to prove Theorem 1.1 using the above.
Proof of Theorem 1.1. As mentioned earlier, by duality of the dynamics and self-duality of the class of realizable boundary conditions, it suffices to prove the theorem for p < p c (q). Let P be the set of realizable boundary conditions of Λ n = (Λ n , E(Λ n )). For η ∈ P, let (η 1 , η 2 , . . . , η k ) denote the partition of ∂Λ n corresponding to η, and let η(ℓ) be the boundary condition obtained as follows: for each v ∈ ∂Λ n , if v ∈ η i and v is at distance at most ℓ from a corner of Λ n , remove v from η i and add it as a singleton to the partition. Let P ℓ be the set of all boundary conditions obtained in this manner.
Consider Λ n with arbitrary realizable boundary conditions ξ ∈ P. By Lemma 2.2, we see that there exists C > 0 such that for every ξ ∈ P, we have
It therefore suffices to prove the mixing time estimate uniformly over all modified boundary conditions η ∈ P ℓ for ℓ = 5r and r = c 0 (log n) with c 0 taken to be sufficiently large, as q 8Cℓ would only be polynomial in n. By Theorem 5.2, for c 0 large enough, uniformly over all such boundary conditions we have moderate spatial mixing with respect to B r and η ∈ P ℓ with δ < 1/(12|E(Λ n )|). Theorem 5.1 implies that LM holds for B r and η ∈ P ℓ with T = O(n c ) where c > 0 constant. The result then follows from Theorem 3.3.
Remark 8. We note that Theorem 1.1 also holds for the FK-dynamics on rectangles Λ n,l ⊂ Z 2 , provided these rectangles are not too thin. For example, when l = Ω((log n) 2 ), our proofs would yield that the mixing time of the FK-dynamics is polynomial in n.
Local mixing for realizable boundary conditions
In this subsection, we prove Theorem 5.1. As mentioned earlier, this theorem may be viewed as a corollary of Theorem 4.1, which bounds the mixing time of the FK-dynamics on thin rectangles.
Proof of Theorem 5.1. Let r = c 0 log n. We wish to show that each of the subsets in B r has mixing time O(n c ) under the boundary conditions (1, ξ) and (0, ξ). We begin by bounding the mixing time on the square boxes C , C , C , C and B(e, r) of B r . Since these have side length O(log n), a crude estimate on the mixing time is sufficient. For instance, by Lemma 2.2, at a cost of exp(O(r)) = n O(1) factor, we can compare the mixing time in these boxes with boundary condition either (1, ξ) or (0, ξ) to the mixing time on equally sized boxes with free boundary conditions. In this setting, an upper bound of O((log n) 2 log log n) is known [4] , and thus we obtain an n O(1) bound for their mixing times. It remains to bound the mixing time of the FK-dynamics on the set R = R ∪ R ∪ R ∪ R . For this, we use Theorem 4.1. We argue that the mixing time of the FK-dynamics on R is roughly equal to that of the FK-dynamics on a [4(n − 6r) − 3] × 2r rectangle Q with a suitably chosen boundary condition. We proceed to construct the rectangle Q and a boundary condition ξ ′ whose vertices, edges and wirings are identified with those of R and (1, ξ) . The case of R and (0, ξ) is handled later in similar fashion.
We introduce some notation first. For a rectangle S, let S α denote the rectangle that results from a clockwise rotation of S by an angle of amplitude α. Also, if S 1 , . . . , S k are rectangles of the same height, let [S 1 , . . . , S k ] denote the rectangle obtained by identifying the vertices in ∂ S i with those in ∂ S i+1 for all i = 1, . . . , k − 1. When identifying the vertices, the double edges are removed. We take
Observe that every vertex of Q, except those where the boundary overlaps occur, correspond to exactly one vertex in R; vertices in the overlaps correspond to exactly two vertices in R. Conversely, every vertex in R corresponds to exactly one vertex of Q. The edges of Q and R are identified using this correspondence between the vertices. Observe also that ∂ Q = ∂R ∩ ∂Λ n . We construct the boundary condition ξ ′ of Q as follows. If u, v ∈ ∂R ∩ ∂Λ n are wired in ξ, the corresponding vertices are also wired in ξ ′ . The boundary condition ξ ′ is also wired along ∂ Q ∪ ∂ Q ∪ ∂ Q.
Claim 5.3. The boundary condition ξ ′ of Q is realizable. In particular, ξ ′ can be realized by an FK configuration in the half plane of Z 2 containing only vertices north of ∂ Q, and a wiring of ∂ Q ∪ ∂ Q ∪ ∂ Q.
Finally, to completely capture the effect of the boundary condition (1, ξ) on R, each of the three columns in Q that corresponds to overlaps of columns from R, are externally wired. Now, by Theorem 4.1 and Lemma 2.2, we have gap(Q ξ ′ ) = n −O (1) .
We claim next that the FK-dynamics on R with boundary condition (1, ξ) has roughly the same gap as the FK-dynamics on Q with boundary condition ξ ′ . To see this, we add a double edge to each edge of Q that corresponds to two edges in R. With this modification, there is now a one-to-one correspondence between the FK configurations in R and Q. Also, adding these edges has almost no effect on the mixing time of the FK-dynamics in Q, as their endpoints are wired, and so they only need to be updated once to mix. Moreover, by construction, the boundary condition ξ ′ for Q together with the wiring of the overlapping columns in Q encode exactly the same connectivities as the boundary condition (1, ξ) for R. Hence, for every pair of FK configurations on Q, the FK-dynamics has the same transition probability as FK-dynamics on R between the corresponding configurations. Consequently, we can conclude that
Finally, for the case of the FK-dynamics on R with boundary condition (0, ξ) we can simply wire ∂ R to ∂ R , ∂ R to ∂ R , ∂ R to ∂ R and ∂ R to ∂ R , which only incur a penalty of n O(1) by Lemma 2.2 and proceed as in the previous case.
Proof of Claim 5.3. First note that ∂ Q corresponds to ∂R∩∂Λ n . Let ω be an FK configuration on Z 2 \Λ n that realizes ξ. A path from u ∈ ∂R ∩ ∂Λ n to v ∈ ∂R ∩ ∂Λ n in ω splits ∂R ∩ ∂Λ n into two parts R 1 and R 2 , one containing all the vertices from u to v in ∂R ∩ ∂Λ n clockwise and the other all the vertices from u to v in ∂R ∩ ∂Λ n counterclockwise. The planarity of Z 2 implies that any other boundary component will be either completely contained in R 1 or R 2 . From this property, it follows that if v 1 , v 2 ∈ ∂ Q are wired in ξ ′ , then [[v 1 , v 2 ]] is a disconnecting interval. This implies that the connectivities of ξ ′ in ∂ Q can be realized by a configuration on the half plane of Z 2 that contains all the vertices north of ∂ Q. For example, every component C = {c 0 , . . . , c k } of ξ, with c i to the left of c i+1 , can be realized by the gadget consisting k paths of length h C starting at c 0 , . . . , c k and going north, together with one path parallel to ∂ Q that joins the endpoints of all of these path. Since [[c i , c i+1 ]] is a disconnecting interval for all i and C, we can choose h C for each C so that the resulting configuration is a valid configuration in the half plane.
Moderate spatial mixing for realizable boundary conditions
In this section we prove Theorem 5.2. We reduce the moderate spatial mixing condition (6) to bounding the probability of certain connectivities in an FK configuration. Specifically, if e ∈ S ⊂ Λ n , the configuration on E c (S) affects the state of e when there are paths from e to the boundary of S; the probability of such paths is maximized when we assume an all wired configuration on E c (S). Recall that for S ⊂ Λ n , we let S c = Λ n \ S, and we use E c (S) = E(Λ n ) \ E(S).
Lemma 5.4. Consider the FK model on Λ n with arbitrary boundary condition ξ on ∂Λ n . For any e ∈ E(Λ n ), any S ⊂ Λ n such that e ∈ E(S), and any pair of configurations ω 1 , ω 2 on E c (S):
where {e} ξ ←→ ∂S denotes the event that there is a path from e to ∂S taking into account the connections induced by ξ.
In the proof of Theorem 5.2 we use this lemma; its proof via machinery from [1] will be straightforward.
Proof of Theorem 5.2. We need to show that as long as c 0 is large enough, for every e ∈ E(Λ n ) there exists B e ∈ B r such that (6) holds for some δ < 1/(12|E(Λ n )|). For each e ∈ E(Λ n ) the subset B e is chosen as follows: 3. Otherwise, e ∈ C i for some i ∈ { , , , }, and we take B e = C i . By Lemma 5.4, for every e ∈ E(Λ n ),
In all three cases above, by construction d({e}, ∂B e \∂Λ n ) ≥ r. This together with the fact that all vertices of ∂Λ n within distance 5r from the corners have no connections in ξ, implies that for e to be connected to ∂B e \ ∂Λ n a path of open edges reaching a distance at least r is required in the configuration on B e . The EDC property (see (2) ) implies that for c 0 large enough
and the result follows.
We conclude this section with the proof of Lemma 5.4.
Proof of Lemma 5.4. Let (1, ξ) be the boundary condition induced on S by ξ and the event {E c (S) = 1}. Similarly, let θ 1 (resp., θ 2 ) be the boundary condition induced on S by configurations ω 1 (resp., ω 2 ) on E c (S) and ξ. For ease of notation set π θ 1 = π ξ Λn (· | E c (S) = ω 1 ), π θ 2 = π ξ Λn (· | E c (S) = ω 2 ) and π (1,ξ) = π ξ Λn (· | E c (S) = 1). For an FK configuration ω on S let
where C(v, ω) is the set of vertices in the connected component of v in ω, taking into account the connectivities induced by (1, ξ) . In words, Γ (1,ξ) (ω) is the set of vertices of S not connected to ∂S \ ∂Λ n in ω using possibly the boundary connections. We claim that there exists a coupling P of the distributions π θ 1 , π θ 2 and π (1,ξ) such that P(ω 1 , ω 2 , ω) > 0 only if ω 1 ≤ ω and ω 2 ≤ ω on E(S) and ω 1 , ω 2 agree on all edges with both endpoints in Γ (1,ξ) (ω). Given this coupling P, we have
as claimed. The construction of the coupling P is standard and is thus ommitted; see, e.g., [1, 4] and the proof Lemma 4.13 for similar constructions.
Near optimal mixing for typical boundary conditions
In this section we provide the proof of Theorem 1.4, where we establish a sharperÕ(n 2 ) mixing time upper bound for the FK-dynamics on Λ n = (Λ n , E(Λ n )) for the class of boundary conditions we call typical.
Let ω be a random-cluster configuration on Z 2 , and let ξ ω be the boundary condition on ∂Λ n induced by the edges of ω in E(Z 2 ) \ E(Λ n ). Suppose ω is sampled from π Z 2 ,p,q . A set C of realizable boundary conditions for Λ n is called typical (with respect to (p, q)) if ξ ω ∈ C with probability 1 − o(1).
Recall from Definition 1.2 the classes of boundary conditions C α and C ⋆ α , consisting of realizable boundary conditions whose distinct boundary components consist only of vertices at most distance α log n apart in ∂Λ n . The following is a straightforward consequence of the EDC property (2) when p < p c (q). Lemma 6.2. For every q ≥ 1 and p < p c (q), the class of boundary conditions C α is typical with respect to (p, q) for sufficiently large α > 0. Similarly, for every q ≥ 1 and p > p c (q), the class C ⋆ α is typical with respect to (p, q) for sufficiently large α > 0.
Proof. By planar duality (namely the duality of the sets of boundary conditions C α and C ⋆ α , it suffices to prove the case p < p c (q)). For any u, v ∈ Z 2 , by the EDC property (2), we have that for q ≥ 1 and p < p c (q) there exists c = c(p, q) > 0 such that π Z 2 (u ↔ v) ≤ e −cd (u,v) . Let u, v ∈ ∂Λ n and suppose d(u, v) ≥ α log n. Then, there exists some C(p, q) > 0 such that for sufficiently large α > 0,
where recall that u
←→ v denotes the event that there exists a path from u to v in Z 2 \Λ n . A union bound over all pairs of vertices in ∂Λ n implies that if ω is sampled from π Z 2 and ξ ω is the resulting boundary condition on ∂Λ n , then ξ ω ∈ C α with probability 1 − o(1) and thus C α is typical.
Remark 9. As mentioned in the introduction, one may also be interested in the following notion of typicality, which sometimes comes up in recursive mixing time upper bounds. Let q ≥ 1 and p < p c (q) (resp., p > p c (q)) and consider a random-cluster sample from π ζ R 2n ,p,q , where R 2n is the concentric box of side length 2n containing Λ n with arbitrary boundary condition ζ. One could easily show that the boundary condition induced by the configuration on R 2n \ Λ n is in C α (resp., C ⋆ α ) with probability 1 − o(1). This would follow by coupling this measure to the infinite-volume measure using the fact that C α is a decreasing event, and finding a dual circuit in the annulus R 2n \ Λ n (which exists with probability 1 − O(e −Ω(n) )).
We now show that when p < p c (q), the mixing time on Λ n with boundary condition ξ ∈ C α satisfies
where C = C(p, q, α) > 0 is a constant independent of n and ξ. In particular, we prove Theorem 1.4 from the introduction in the regime p < p c (q) and ξ ∈ C α and this translates to a matching bound at p > p c (q) and ξ ∈ C ⋆ α by duality. To prove this theorem we again use the general framework from Theorem 3.3. Namely, we construct a collection of subsets of Λ n for which we can establish MSM and LM; see Definitions 3.1 and 3.2. The fact that ξ ∈ C α will allow us to prove MSM with respect to Θ((log n) 2 )×Θ((log n) 2 ) rectangles along the boundary, and Theorem 1.1 will provide the LM estimate on these rectangles.
Consider the collection B r = {B(e, r) : e ∈ E(Λ n )}. Recall that for r ≥ 0 and e ∈ E(Λ n ), we set B(e, r) ⊂ Λ n to be the set of vertices in the minimal square box around e such that d({e}, Λ n \B(e, r)) ≥ r; see Figure 4 (c). We first show that MSM holds for B r and ξ ∈ C α when r = Θ((log n) 2 ) and δ < n −3 . For this lemma, it is crucial that r = Θ((log n) 2 ), as MSM does not hold for typical boundary conditions for B r when, for example, r = Θ(log n). This is because in a typical configuration ω on Z 2 \ Λ n it is likely that there exist pairs of vertices of ∂Λ n at distance γ log n, for a suitably small constant γ > 0, that are connected in ω. Thus, for some e ∈ E(Λ n ) close to ∂Λ n , it is possible for the configuration outside of B(e, r) to exert a strong influence on the state of e when r = γ ′ log n with constant γ ′ > 0, even if γ ′ ≫ γ; the presence of a constant number of open edges on (or near) ∂Λ n would propagate the influence from Λ n \ B(e, r) to e. Taking r = Ω((log n) 2 ) avoids this issue, since, roughly speaking, Ω(log n) open edges at specific points in ∂Λ n would now be required to propagate the influence from Λ n \ B(e, r) to e; see Figure 5 (b). The proof of Lemma 6.3 is provided in Section 6.1.
The final ingredient in the proof of Theorem 1.4 is a LM estimate for B r with r = Θ((log n) 2 ). Such an estimate is readily provided by Theorem 1.1, with mixing time that is poly-logarithmic in n.
Proof of Theorem 1.4. Let α > 0 be sufficiently large and let η ∈ C α . By Lemma 6.3, MSM holds for η and B r with r = Θ((log n) 2 ) for some δ < n −3 . Observe also that every B(e, r) ∈ B r with boundary condition (1, η) or (0, η) is a rectangle of side-length at most r = O((log n) 2 ) with a realizable boundary condition. Then by Theorem 1.1 (see also Remark 8) , for every e ∈ E(Λ n ) we have max{t (B(e, r) 0,η ), t (B(e, r) 1,η )} ≤ (log n) C , for a suitable C > 0, yielding the desired LM estimate. The result then follows from Theorem 3.3.
Moderate spatial mixing for C α
We now prove Lemma 6.3. The proof involves showing that if ξ ∈ C α , when p < p c (q), the correlation between edges e, e ′ ∈ E(Λ n ) near the boundary decays exponentially in d(e, e ′ )/(α log n)-whereas SSM would entail a decay rate that is exponential in just d(e, e ′ ).
Proof of Lemma 6.3. Fix an edge e ∈ E(Λ n ) and for ease of notation let B = B(e, r) ⊂ Λ n and π η = π η Λn,p,q . Let 
where {e} η ←→ ∂B \ ∂Λ n denotes the event that there is a path from e to ∂B \ ∂Λ n taking into account the connections induced by η. Thus, it is sufficient to bound the right-hand-side of (15) .
There are three cases corresponding to the location of e in Λ n . First, if d({e}, ∂Λ n ) > r, then B ∩ ∂Λ n = ∅ and (1, η) is just the wired boundary condition on B. In this case the right-hand-side of (15) is at most n −3 by the EDC property; see (2) .
The second and third cases correspond to whether B intersects one or two sides of ∂Λ n . For the second case, assume without loss of generality that B intersects ∂ Λ n but not ∂ Λ n or ∂ Λ n . That is, d({e}, ∂ Λ n ) ≤ r, but {e} is at distance at least r from ∂ Λ n and ∂ Λ n . Let ∂ B, ∂ B, ∂ B be the west, south and east boundaries of B, all of which are wired in ω. By a union bound 2)) implies that for large enough n,
We bound next π (1,η) ({e} η ←→ ∂ B). Let η 0 , . . . , η d be the boundary components of η. Since η is realizable, the planarity of Z 2 implies that for every i, j ∈ {0, . . . , d} there are only three possibilities:
(Recall that L(η i ) ⊂ ∂Λ n is the path of minimum length that contains all the vertices in η i .) Call η i a maximal boundary component if ∄j ∈ {0, . . . , d} such that L(η i ) ⊂ L(η j ). The set of all maximal boundary components defines a partition for ∂Λ n . Since also η ∈ C α , we deduce that there exists a sequence of edges e 0 = {u 0 , v 0 }, e 1 , . . . , e k = {u k , v k } in B ∩ ∂Λ n such that 1) (γ + α) log n ≥ d({e i }, {e i+1 }) ≥ γ log n for all i = 0, . . . , k − 1, where γ is a large constant we choose later and k ≥ c 0 2(γ+α) log n, and 2) the set S i = [[v i , u i+1 ]] ⊂ B ∩∂Λ n is a disconnecting interval. Let E i be the event that S i is connected to S i+1 by a path of open edges in B. Let e t be the closest edge in the sequence e 0 , e 1 , . . . , e k to e and letÊ t = ∩ t i=0 E i . Since d({e}, ∂ B) ≥ r, we also have t ≥ c 0 8(γ+α) log n. Then,
If the eventÊ c t occurs, then there exists i < t such that S i is not connected to S i+1 in B. This implies that there is a dual-path of length at least γ log n separating S i from S i+1 . Consequently, a path from e to ∂ B would require two vertices at distance at least γ log n to be connected by a path of open edges in B. By the EDC property and a union bound, this has probability at most 1/(9n 3 ) for large enough γ. Thus,
We bound next π (1,η) (Ê t ). Let {u i , v i } denote the endpoints of the edge e i , where u i is to the left of v i for all i. For 1 ≤ i ≤ t, consider the rectangle Q i ⊂ B with corners at v i−1 , u i+3 and the other two corners on ∂ B. Then,
where t − 4 < ℓ ≤ t. Now, let E ′ i be the event that S i is connected to S i+1 by a path completely contained in Q i . We have
where the last inequality follows from the fact that for the event E 1 ∩ (E ′ 1 ) c to occur there have to be two vertices at distance at least γ log n connected by a path in B; by the EDC property this only occurs with probability at most n −4 for large γ. Iterating this procedure for E 5 , E 9 , . . . we get
Let Q =
where for the last equality we use that the events E ′ 1 , E ′ 5 , . . . , E ′ ℓ are independent under the wired boundary condition when also conditioning on {E c (Q) = 1} . We claim that there exists a constant ρ ∈ (0, 1) (independent of n) such that for all i = 0, . . . , ℓ−1
To see this, let j = 4i + 1 and note that for for large enough D > 0, by the EDC property and a union bound imply that there is no connection between any pair of vertices (u, v) with u ∈ S j and v ∈ S 
where the last inequality holds for sufficiently large c 0 since t ≥ c 0 8(γ+α) log n. Putting (21), (19) , (17) , (18) and (16) Finally for the third case, suppose without loss of generality that B intersects ∂ Λ n and ∂ Λ n , but not ∂ Λ n or ∂ Λ n . A union bound implies that
and each term in the right-hand side of (22) can bounded in the same way as π (1,ξ) ( {e} η ←→ ∂ B ) in the second case; thus, the result follows.
Slow mixing under worst-case boundary conditions
In this section we show that there are (non-realizable) boundary conditions for the graph (Λ n , E(Λ n )) for which the FK-dynamics requires exponentially many steps to converge to stationarity. In particular, we prove Theorem 1.5 from the introduction. Theorem 1.5 is a corollary of a more general theorem we establish. This general theorem enables the transferring of mixing time lower bounds for the FK-dynamics on arbitrary graphs to mixing time lower bounds for the FK-dynamics on Λ n , for suitably chosen boundary conditions. The high level idea is that any graph G with fewer than n 4 edges can be "embedded" into a subset L of the boundary ∂ Λ n of Λ n as a boundary condition we shall denote ξ(G). When p is sufficiently small, the effect of the configuration on Λ n \ L becomes negligible, and so the mixing time of the FK-dynamics on Λ n with boundary condition ξ(G) is primarily dictated by its restriction to the embedded graph G.
We Notice that every graph G on m ≤ ⌊n/4⌋ edges can be embedded into L by identifying each edge in E G with an edge in E(L). Now let ξ(G) be the boundary condition on ∂Λ n defined by the partition:
In words, ξ(G) is the boundary condition that is free everywhere except in the vertices of L and where all the vertices in L that are mapped by φ to the same vertex of G are wired in ξ(G). We are now ready to state our main comparison result from which Theorem 1.5 follows straightforwardly.
Theorem 7.3. Let G = (V G , E G ) be a graph and suppose there exist q > 2 and p = λ|E G | −α with λ > 0, α > 1/3 such that gap(G) ≤ exp(−Ω(|V G |)). Then, as long as n ≥ 4|E G | ≥ εn for some ε > 0, with the same choice of p and q, we have gap(Λ ξ(G) n ) ≤ e −Ω(|V G |) .
Proof of Theorem 1.5. It was established in [15] that for every q > 2 and every ℓ sufficiently large, there exists an interval (λ s (q), λ S (q)) such that if p ′ = λ ′ /ℓ with λ ′ ∈ (λ s (q), λ S (q)), then the spectral gap at parameters (p ′ , q) satisfies
where K ℓ denotes the complete graph on ℓ vertices. Therefore, for a fixed p = λn −α there exists a choice of ℓ = Θ(n α ) such that at parameters (p, q), gap(K ℓ ) ≤ exp(−Ω(ℓ)). Since the number of edges in K ℓ is Θ(n 2α ), the result follows from Theorem 7.3 and (3).
Main comparison inequality: proof of Theorem 7.3
We now turn to the proof of Theorem 7.3. A standard tool for bounding spectral gaps is construction of bottleneck sets with small conductance; see Section 2.1. It will be easier to do so for the following modified heat-bath (MHB) dynamics, allowing us to isolate moves on E(L), where we have embedded G, from those in E c (L) = E(Λ n ) \ E(L).
Definition 7.4. Given an FK configuration X t , one step of the MHB chain is given by:
The MHB chain is clearly reversible w.r.t. π ξ Λn,p,q . Let gap (Λ ξ n ) denote the spectral gap of the MHB dynamics on Λ n with boundary condition ξ and parameters p and q. The following comparison inequality allows us to focus on finding upper bounds for the spectral gap of the MHB dynamics; its proof is deferred to Section 7.2.
Lemma 7.5. For all p ∈ (0, 1), q > 0, n ∈ N and boundary condition ξ for Λ n , we have
With this in hand, we are now ready to prove Theorem 7.3.
Proof of Theorem 7.3. Recall from (5) that since, by assumption, the FK-dynamics on G has gap(G) ≤ exp(−Ω(|V G |)), there must exist S ⋆ ⊂ Ω G (the set of FK configurations on G) with π G (S ⋆ ) ≤ 1 2 such that
Here Q G is the edge measure (4) of the FK-dynamics on G and π G = π G,p,q denotes the random-cluster measure on G. We will construct from this set S ⋆ , a set A ⋆ ⊂ Ω, such that :
where Q denotes the edge measure (4) In words, R ξ(G) (M ) is the set of FK configurations on E(Λ n ) \ E(L) that connect at most M elements of the partition {ξ 1 , . . . , ξ k } of the vertex set L.
Observe that any configuration θ on E(L) corresponds to a configuration on E G . Namely, if θ({u, v}) = 1, then the edge {φ(u), φ(v)} is open in the configuration on G, where φ is the embedding of G into L. With a slight abuse of notation we may use θ also for the corresponding configuration on Ω G . With this convention, let A M = {ω ∈ Ω : ω(E(L)) ∈ S ⋆ , ω(E c (L)) ∈ R ξ(G) (M )} .
We show that if M = δ|V G | for some δ > 0 sufficiently small, and n is taken to be large enough, we can take A ⋆ = A M . This will follow from the following two claims. Dividing the bound from Claim 7.7 by π ξ (A M ) and using the bounds from Claim 7.6, we see that
≤ e −Ω(M log n) + e O(M ) e −Ω(|V G |) .
for sufficiently large M , where the last inequality follows from (23) . Similarly, we get Then, if we take M = δ|V G | for some δ > 0 sufficiently small we obtain (24).
Proof of auxiliary facts
In this section we provide the proofs of Lemma 7.5, and Claims 7.6 and 7.7.
Proof of Lemma 7.5. For any B ⊂ E(Λ n ), let P B be the transition matrix corresponding to a heat-bath update on the entire set B. For e ∈ E(Λ n ), we use P e for P {e} . Let P and P be the transition matrices for the FK-dynamics and the MHB dynamics on Λ ξ n , respectively. Let A = E(Λ n ) \ E(L). Then, P = 1 |E(Λ n )| e∈E(L) P e + e∈A P A .
For ease of notation, set π = π ξ Λn,p,q . Then, for any f, g ∈ R |Ω| , where Ω denotes the set of FK configurations on Λ n , let f, g π = ω∈Ω f (ω)g(ω)π(ω) .
If we endow R |Ω| with the inner product ·, · π , we obtain a Hilbert space denoted L 2 (π) = (R |Ω| , ·, · π ). Recall, that if a matrix P is reversible w.r.t. π, it defines a self-adjoint operator from L 2 (π) to L 2 (π) via matrix vector multiplication, and thus f, P g π = P * f, g π = P f, g π . Now, the matrix P is positive semidefinite, since it is an average of positive semidefinite matrices. Hence, it is a standard fact (see, e.g., [23] ) that if f, P f π ≤ f, P f π for all f ∈ R |Ω| , then gap (Λ ξ n ) ≥ gap(Λ ξ n ). To show this, note that for e ∈ A, we have P A = P e P A P e . Thus, for all f ∈ R |Ω| , f, P A f π = f, P e P A P e f π = P * e f, P A P e f π = P e f, P A P e f π ≤ P e f, P e f π = f, P 2 e f π = f, P e f π ,
where we used that P e = P * e , P e = P 2 e and that f, P f π ≤ f, f π for every f ∈ R |Ω| and every matrix P reversible w.r.t. π. Then, f, P f π ≤ 1 |E(Λ n )| e∈E(Λn) f, P e f π = f, P f π , and the result follows.
Recall the notation of Lemma 7.3. In order to compare the marginal distribution in L to π G , we need to bound the number of connections in E c (L) between different boundary components of ξ(G) restricted to L: this will show that typical FK configurations on E c (L) do not have much influence on the connectivities amongst L. This bound follows from the fact that p = O(n −α ) for some α > 1/3 and the (approximate) independence of connections between ξ i and ξ j . For the reminder of this section we set ξ = ξ(G) for ease of notation. Claims 7.6-7.7 will then be seen as consequences of the following lemma. Lemma 7.8. Let p = λn −α with λ > 0 and α > 1/3. Let ξ be any boundary condition on ∂ Λ n and let η be any FK configuration on E(L). Then, for every M ≥ 1,
Let Y be the random variable for the number of vertices of L connected to at least one other vertex of L in an FK configuration on E c (L) sampled from the distribution π ξ,η (·) = π ξ Λn,p,q (· | η). It is sufficient to show that π ξ,η (Y ≥ M ) ≤ exp −Ω M log[M n 3α−1 ] .
By classical comparison inequalities (see e.g., [20] ), no matter the boundary conditions ξ, η, the randomcluster measure on E c (L) is stochastically dominated by the independent bond percolation distribution on E c (L) with the same parameter p, which we denote by ν = ν Λn,p . (Recall that ν is the distribution on Ω that results from adding every edge in E(Λ n ) independently with probability p.) Hence, if X is defined as Y but for ν on E c (L), we get π ξ,η (Y ≥ M ) ≤ ν(X ≥ M ).
Consider the subgraphΛ = (Λ n , E c (L)). Let Z be the total number of vertices in L that are connected in a configuration sampled from ν to another vertex at distance 3 inΛ. Then, since the distance between any two vertices in L inΛ is at least 3, we see that X ≤ Z and ν(X ≥ M ) ≤ ν(Z ≥ M ).
Thus, it suffices to establish a tail bound for Z. Enumerate the vertices of L as v 1 , . . . , v 2m and let Z j be the indicator random variable for the event that v j is connected to another vertex at distance 3 inΛ. For r = 0, 1, 2, 3, split up Z = rẐ r , whereẐ
We claim that there is some suitable c > 0 such that under ν, eachẐ r is stochastically dominated by the binomial random variable S ∼ Bin(⌈n/4⌉, cn −3α ). This is because the random variables Z 4i+r+1 are jointly dominated by independent Bernoulli random variables, Ber(cn −3α ), for a suitable c > 0, since the events {Z k = 1} amd {Z k+4 = 1} are disjoint for every k. The fact that the success probability of each one is at most cn −3α follows from the fact that there are at most 16 choices of three adjacent edges from a vertex in ∂ Λ n , and p = λn −α . Hence, by Chernoff-Hoeffding inequality, for every δ > 0, We have Z =Ẑ 1 +Ẑ 2 +Ẑ 3 +Ẑ 4 , and so a union bound implies the matching bound for ν(Z ≥ M ).
Now recall the definitions of the set S ⋆ and A M from (25) .
Proof of Claim 7.6. For part (i), observe that if ω is sampled from π ξ , then π ξ (A M ) = π ξ ω(L) ∈ S ⋆ | ω(E c (L)) ∈ R ξ (M ) π ξ ω(E c (L)) ∈ R ξ (M ) . Similarly for part (ii), we have
By
which is at least e −O(M ) since π G (S ⋆ ) ≤ 1 2 .
Proof of Claim 7.7. Let P be the transition matrix for the MHB dynamics and for ease of notation set B = E c (L). We have For the second term in (26) , observe that ω = ω ′ and that ω and ω ′ can differ in at most one edge e; otherwise P (ω, ω ′ ) = 0. Then we can expand, P (ω, ω ′ ) = 1 |E(Λ n )| π ω ′ (e) | ω(E(Λ n ) \ {e}) ≤ p(q(1 − p) + p)|E G | |E(Λ n )| P G (ω(L), ω ′ (L)) .
Then, using the trivial observation that |E G | ≤ |E(Λ n )|,
where ω 1 , ω 2 are FK configurations on E(L) and θ is an FK configuration on B. Lemma 2.1 implies that max θ∈R ξ (M ) π ξ (ω 1 | θ) ≤ q M π G (ω 1 ), and so ω∈A M ω ′ ∈Ω:
Combining these two bounds, we get
